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This document assumes a basic knowledge NP-completeness. An overview of this topic is
given in the Appendix.

Richard Kaye showed that a puzzle based on the minesweeper game is NP-complete. This
document presents Kaye’s result with detailed explanations.

Kaye, R. (2000) Minesweeper is NP-complete. Mathematical Intelligencer 22(2), 9—15.
http://web.mat.bham.ac.uk/R.W.Kaye/minesw/.

1 The Minesweeper puzzle

I will assume that you are familiar with—if not addicted to—the minesweeper game. There
is a rectangular array of hidden cells partially filled with mines, and you have to uncover
all non-mined cells without stepping on a mine. Cells adjacent to mines contain a number
between 0 and 8 indicating the number of adjacent mines.

The minesweeper puzzle is the opposite of the game: given an array in which some cells
contain mines and some adjacency numbers, is there an an arrangement of mines that is
consistent with the numbers?

2 NP-completeness

Kaye showed that the minesweeper puzzle is NP-complete by reducing instances of SAT
(satisfiability of formulas of propositional logic) to instances of the puzzle. The SAT
instances are given as circuits constructed of Boolean logic gates. Configurations of mines
and adjacency numbers are constructed such that they are consistent iff they represent the
logic gates not, and and or. In addition, configurations are needed to represent the wires
in the circuit: straight wires, turns, crossovers, joiners and splitters.

3 Minesweeper puzzles

In this document, the cells are numbered from the lower left-hand corner right and up.

An assignment of mines is consistent if it assigns mines to some of the open cells such that
number of mines adjacent to each cell equals the number in the cell.

A cell is fulfilled if the number in the cell is the same as the number of adjacent mines. If the
number of mines is less than the number in the cell, the cell is not fulfilled. 1f the number
of mines is greater than the number in the cell, or if there are not sufficient open cells in
order to place mines so that the cell is fulfilled, the cell is said to be inconsistent.

The following notation is used:



[ | )
mine
O no mine

? ) .

* | possible mine
X inconsistent cell
fulfilled cell

2 unfulfilled cell

4 A simple puzzle—a square of twos

NININIDN
N[OOI N
N[OOI N
NINIDNIDN

= N W b~ 1O

We first show that a mine cannot be placed in a corner cell. By symmetry, it is sufficient to
show that a mine cannot be placed in cell (6, 6), the upper right-hand corner. If a mine is
placed in (6, 6), the second mine needed to fulfill (5,5) cannot be placed in (6,5), because
cells (6,4), (5,6), (4,6) must be open, and there is no way to fulfill (4,5).

1 2 3 4 5 6
6 Oo/mn
5 2121212]|O
4 210010
3 21002
2 212122
1

Suppose now that the second mine to fulfill (5,5) is in cell (6,4).
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Two mines cannot be placed to fulfill (4,5), because (4,6), (5,6), (6,5) must be open.

This proves that a mine cannot be placed in a corner cell.

Next we show that there cannot be a mine in a cell adjacent to a corner cell. By symmetry,
we show this for cell (6,5). We can fulfill cell (5,5) by placing a mine in cell (6,4), but this
forces (6,6), (5,6), (4,6) to be open and (5,4) cannot be fulfilled.

1 2 3 4 5 6
6 O/m\m|O
5 2|2 |[2]|12]| O
4 2100 [X|O
3 21002
2 212122
1

Instead, let us try to fulfill cell (5,5) by placing the second mine in cell (5,6) and leaving
(6,4) open.

1 2 3 4 5 6
6 O|/mO
5 21212 (2]|m
4 2101020
3 210102
2 212122
1

To fulfill cell (5,4) a mine must be placed in (6,3) and to fulfill cell (5,3) a mine must be
placed in (6, 2), which also fulfills (5,2). This forces cells in (6,1), (5,1), (4,1) to be open,
making (4,2) inconsistent.



1 2 3 4 5 6
6(/OH|/E|OER|O
5| O|[2]|[2]|[2]|[2]| m
41O1&Z|0]0]2]|0
3 21002
2 212122
1

Since mines cannot be placed in a corner cell or in a cell adjacent to a corner cell, the only
possible configuration is:

1 2 3 4 5 6
6 H
5
4 M{[2]|0]|0|2]|m
3(M(2]|0]0|2]|m
2
1 H

A quick check shows that this configuration is consistent.

5 A simple puzzle—a square of threes
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In order to fulfull a cell containing 3 that is not at a corner, mines must be placed in all
of its adjacent open neighbors. For example, to fulfill (5,4) there must be mines in (6, 3),
(6,4) and (6,5).
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When mines are placed to fulfill all non-corner cells, the four corner cells (2,2), (2,5), (5,2)
and (5,5) will be inconsistent. Therefore, this puzzle has no solution.

1 2 3 4 5 6
6 HEEN
5 || |33 m
4 M(3]|0]|0|3]m
3 /M|([3]]0]|0|3]m
2 |m| (3|38 m
1 HEEN

6 Digital Logic Circuits

Kaye showed that CNF formulas in propositional logic, expressed as digital logic circuits,
can be reduced to minesweeper puzzles. The formulas are reduced to circuits using not
and or gates. (and gates can be constructed from or and not gates.) The connecting wires
also have to be represented. We show the representation for straight wires; see Kaye’s
paper for the reduction for other forms of wires.

And

And [—

— Not Or

Notation: an open cell followed by a cell with a mine (open/mine) represents 1, while a
cell with a mine followed by an open cell (mine/open) represents 0.
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7 Representation of a straight wire

1 2 3 4 5 6 7 8 9 10 11
5(0/0(0(0(0f0O|0O|0O]|O 0
4111111111111 |1
3 1 1 1
211|111 f1f1j1j1j1|1
1/0(0{0{0]0]0|0|0|O 0

An input of mine/open (0) at (3,1)—(3,2), results in an output of mine/open (0) at (3,10)-
(3,11):

1 2 3 4 5 6 7 8 9 10 11
5/0/0(0(0(0{0]|0|0|0|0]O
4111111111111 |1
3| mOI1moI1/mo|1|mo
211|111 f1j1j1j1j1|1
1/0{0{0|0]0|0O(O|O(0O|0O]O

An input of open/mine (1) at (3,1)—(3,2), results in an output of open/mine (1) at (3,10)-
(3,11):

1 2 3 4 5 6 7 8 9 10 11
5/10{0(0|0(0|0]0(0|0(0]O
4(1(1(1)1|1j1(1(1|1|1]1
3 10/m@|1|O/m1O/m1{0O/n
2111|111 j1f1|1|1|1]1
110({0|0|0|0|0|0|0Of0O]|0O]O




8 Representation of a not gate

1 2 3 4 5 6 7 8 9 10 11 12 13
1(1(1
311|111 (2/m|2|1]|1 1|1

2 1 3 3
11111 1(1|2|/m|2|1]1 11
1(1(1

An input of open/mine (1) at (2,1)—(2,2) results in an output of mine/open (0) at (2,12)-
(2,13):

1 2 3 4 5 6 7 8 9 10 11 12 13
111

31|11 (1(1|2|mj2|1]1 1|1

21 0/®1|1O/m|3|0(3/mO|1/mO

1111 j1j1rj2/m2|1(1 1|1
1|11

There are mines at cells (1,7) and (3,7). Therefore, if there is an mine at (2,5), the 3 at
(2,6) forces (2,7) to be open. It follows that there must be a mine at (2,9) to fulfill (2,8).
It is now easy to see that (2,10) is open, a mine is placed in (2,12) and (2, 13) is open.

Similarly, an input of mine/open (0) at (2,1)—(2,2) results in an output of open/mine (1)
at (2,12)—(2,13):

1 2 3 4 5 6 7 8 9 10 11 12 13
1111
311|111 (2/m2|1]|1 1|1
2/ BOI1mo|I3/m3|0on o/n
1f1j1|1|1|1|2/m2|1|1 1|1
1111




Representation of an or gate

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1]11(1
10 1 1
9 1 1 1121321
8 1|12(3|2(1 |1 |m/m|m|1
71112 |M W 223 312|1(1]1
6|1 3 6 1 2 1 1
51112 |M W 5(4]|3 21211 (1]1
4 2(4|/m|H B H W 4 H|1
3 2|l W31
2 2/m|/m |3 (2|3 (/m|A |2
1 112(12]1 112(12]1

The inputs are placed at (6,2)—(6,3) and (10,6)—(9, 6). The result appears at (6,14)—(6, 15).

We will show that if the input is open/mine (1) at the left and mine/open (0) at the top,
then the result at the right is open/mine (1). The reader is invited to check the solutions to

the puzzle for (0 or 0), (1 or 0) and (1 or 1).

The initial configuration is:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1]11(1
10 1|m(1
9 110|1 1121321
8 1j12(3|2(1 |1 |m/m|m|1
71112 |M m| 223 312|1(1]1
6(1(O|m|3 6 1 2 1 1
5(1 (112 |M m| 543 21211 (1]1
4 2(4 /M |H B H W 4 H|1
3 2|l m| 31
2 2/m|/m|3|2|3(m|A |2
1 112(12]1 112(12]1




The 3 at (6,4) forces (6,5) to be open, while the 3 at (8,6) forces a mine at (7,6):

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1]11(1
10 1|m(1
9 110]|1 1121321
8 1j12(3|j2(1 |1 |m/m|m|1
71|11 |2|/m/ M| @ 2|23 312|1(1]1
6(1(O|M|3]|O]|6 1 2 1 1
5(1 (112 |MW W 5(4]|3 21211 (1]1
4 2(4|/H|H B H W 4 H|1
3 2|l m| 3|1
2 2/m|/m|(3|2|3 (/WA 2
1 112(12]1 112(2]1

Next, we need to place mines so that the 6 at (6, 6) is adjacent to six mines. There are two
possibilities: (1), an open cell at (6,7) and a mine at (5,6), and (2), an open cell at (5,6)

and a mine at (6,7).

Case 1

There is an open cell at (6,7) and a mine at (5,6).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 111

10 1(m|1

9 1101 1(2(3(2]1

8 1{2(3 (2|11 |m|m|m|1
71|11 |2|/m|m|m|2[2]3 312111
6|11(O|m|3[O]|6|0O 1 2 1 1
5/1 (1|12 |m|m|m|5|4]3 212 1]1]1
4 2|4 |W|H|H|H | H| 4 H|1

3 2 | m (3|1

2 2 |Hm|W|3|2|3|m|H|2

1 12211 1221
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The 2 at (7,8) forces a mine (6,8) and the 4 at (4,5) forces an open cell at (3, 6).

10 11 12 13 14 15 16

8 9

7

1

2
1

2

3

1
2
1

413

3 (W ||| 2

1

2

1

O

1

4@ BB EH N 4 N

11
10

2|/ /R m|2

2|0/ Hm W |5

2

2 (W m|3

1

1

1

1

110O/m|3[06|0O|n

6

The 1 at (6,9) forces an open cell at (6,10) and the 3 at (2,7) forces mines at (3,7), (3, 8).

10 11 12 13 14 15 16

8 9

7

1
1

2
1

2

312

2

2

3

O

1

1|/mmnm

2
1

3 (W ||| 2

1

1
2

O

3

1

11
10

2| Hm |2

2| |m W |5 (4|3

2(4/HH B H W 4N

2(m|O|m|n
2 (| W |32

1

1

1

1

1{Om|3|0]6[O|nm

6
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The 2 at (2,8) forces an open cell at (3,9).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1111
10 1|/m|1
9 110|1 11213121
8 11213211 |m|m | A|1
71112 m|/m w223 3121111
6(1]O|®|3(0(6(O|mM|1]|O]|2 1 1
511 (1 (1|2 |m|m M| 5|43 2121|111
4 2(4/H A BB 4| 0|1
3 2B O|m|m O m 3|1
2 2/ m/m| 3|23 (W (W2
1 1(2(2]1 1121211

The 3 at (2,9) forces a mine at (3,10) and the 4 at (4,11) forces an open cell at (5,11), but
now the 3 at (5,10) is inconsistent, because it is adjacent to only two mines.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1|11
10 1|m|1
9 1|0O]1 112(3[2]1
8 12(3(2|1]1|m|m|m|1
71|11 |2|m{mm|2|2]3 3(2|1]1|1
6[1|O|m|[3]|O]|6|O|m|1]|O]2 1 1
sl1f(1|1]|2|m{mm|5|4[|O|2]2]1[1]1
4 2(4(m|m|m|m|m|s|m|1
3 2 (m{O|m|m|O|m|m|3]|1
2 2 m|m|3|2(3|m|m|2
1 1|2]2]1 12]2|1

12



Case 2

An open cell at (5,6) and a mine at (6,7).

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 111(1
10 1M1
9 110]|1 1121321
8 112(3|2(1 |1 |m/m|m|1
711 (1|2 Mm@ w223 312|1(1]1
6(1]O|®|3[O|6 |1 1 2 1 1
5(01(1|1|2|m|O|m|5[4]3 21211 (1]1
4 2(4 /A0 B H W 4 0|1
3 2 |l m| 31
2 2/m|/m|(3|2|3(m|A |2
1 112(12]1 112(12]1

The 2 at (7,8) forces an open cell at (6,8) and the 4 at (4,5) forces a mine at (3,6). In
addition, the 1 at (6,9) forces a mine at (6,10).

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1]11(1
10 1M1
9 110]|1 1121321
8 11213211 |m|m | A |1
71|11 |2|m/ M| m2|2|3 3121111
6(1]O|/®|3(0O|6(/B|O|1|H|2 1 1
5(1(1|1|2(m{O|m|5]|4]3 2121|111
4 2(4/Hm|A|H BB 4|01
3 2|/mm m 3|1
2 2/m/m| 3|23 |/m (W2
1 1(212]1 1121211
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We now have two cases for the 3 at (2,7).

Case 2.1

There is an open cell at (3,7) and a mine at (3, 8).

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1]11(1
10 1 |/m|1
9 110|1 1121321
8 112132 (1(1|m|m A |1
71112 m/m w223 3121111
6(1]O|/®|3(0O|6(B|O|1|H|2 1 1
5(1(1|1|2(m{O|m|5]|4]|3 2121|111
4 2(4/H A1 R W 4|01
3 2(m|m|O|n m 3|1
2 2/ m/m| 3|23 |/m(W|2
1 1(212]1 1121211

The 2 at (2,8) forces a mine at (3,9) and the 3 at (2,9) forces an open cell at (3,10). This in
turn causes the 4 at (4, 3) to force a mine at (5,11), but now the 3 at (5,10) is inconsistent
because the cell has four adjacent cells with mines.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 111
10 1|m|1
9 1|{Of1 12321
8 123|211 |m|m|m|1
701(1]1]2(m|mim|l2|2]|3 3]2(1]1(1
6/1(O|m[3[Of6(mO|1|m|2 1 1
s|1(1|1|2(mOm|5|4|m|2]|2]1]1]1
4 24 (m|m|m|m m|4|H|1
3 2 | m|m|{O/m(mO/m|3]|1
2 2 |m|m|[3[2(3|m|m|2
1 1221 1221
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Case 2.2

There is a mine at (3,7) and an open cell at (3, 8).

10 11 12 13 14 15 16

8 9

7

[ | N| = | N |

Nl N[l ||
o | B N Sl BN |
N H(fo|H|oo| R |
— == <R ™
— | N [OlvBR|O|l«
inERSNENESHE BN BN BN BR NN
—(H|O|loB|je(O/R|H | 1~
== BOR|<~|H N~
el AR A K RS R KR s

=10 BR=

101

| |
=7 9 o 0o ~ © 1 T O

The 3 at (2,9) forces mines at (3,9) and (3,10).

10 11 12 13 14 15 16

8 9

7

| | N| A | N[ |-

N NEKszl N[l |»| N
N | o~ < | H Nl
NN BNOEE NECEE BN BN |
— | N[Ol | BR|O|
iaERoNENESEE NN BE BN B BN
—~ HOlo/®|oe(OR|E| N
=IE=AR=AEAE RIGIE AR AN BN |
N[ |||

— || —

1@1

| |
oS o 0o ~ © 1 S O
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The 4 at (4,11) forces an open cell at (5,11), which is consistent with the 3 at (5,10). In
addition, the 3 at (7,10) forces an open cell at (7,11):

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 1111
10 1 |m|1
9 110]|1 11213121
8 11213211 |m|m A |1
7111 |2/mmm@|2|2|3|O3(2]1]1]1
6(1]O|®|3(0O|6|/B|O|1|H|2 1 1
5(1(1|1|2|m{O(m|5[4]|3|O(2(2]1]1]1
4 2(4/Hm A1 BB 4|01
3 2/H|H BB O|E B (3|1
2 2/ m|/@ |3 (2|3 /WA |2
1 1121211 112(12]1

The puzzle is now quickly solved successfully. The 2 at (6,11) forces a mine at (6,12),
which forces an open cell at (6,14), which in turn forces a mine at (6,15):

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
11 111

10 1(m|1

9 11O]|1 1{2(3]2]1

8 1{2(3(2(1|1|m|m|m|1
7111 |2|m/m{m{2|2(|3|O[3|2|1]|1]1
6|1|O|mM|3|O|6MO|1(m{2(m[1[O|m|1
511 (1(1|2(m|O|/m[5[4[3|O]2|2]1|1]1
4 2|4 (m|m|m|m| |4 m|1

3 2 /m|m|m|E|O|\m/m|3|1

2 2 (W |W|3|2|3|m|H|2

1 1221 12211

The open cell at (6,14) and the mine at (6,15) form the output open/mine (1), which is
the result of (0 or 1).
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Appendix

A NP-completeness

A problem Q is NP-complete if:

e A proposed answer to Q can be checked in polynomial time.

e All other problems in the class can be reduced to Q, meaning that if Q has a
polynomial-time algorithm, then so do all the other problems.

Given an assignment for a formula A in CNF, it is easy to check if the truth value of Ais T,
so SAT fulfills the first condition. Stephen Cook (1971) and Leonid Levin (1973) showed
that the second condition also holds, so SAT is an NP-complete problem.

The first condition states that an NP-complete problem can be solved in polynomial time
by a non-deterministic algorithm. The question of whether NP-complete problems can be
solved in polynomial time by a deterministic algorithm is called the P = N"P? problem.

If there is an efficient (deterministic polynomial-time) algorithm for one NP-complete prob-
lem, then there are efficient algorithms for all the problems in the class. Currently, no
efficient algorithm is known for any problem in the class.

If there is no efficient algorithm for one NP-complete problem, then there are no efficient
algorithms for all the problems in the class. Currently, there is no proof that any of the
problem in the class cannot be solved in deterministic polynomial time.

The Clay Mathematics Institute offers a $1 million prize for a proof that answers P = N'P?.
http://claymath.org/millennium-problems/p-vs-np-problem.

NP-completeness is presented in textbooks in theoretical computer science such as:

Hopcroft, ].E, Motwani, R., Ullman, J.D. Introduction to Automata Theory, Languages, and
Computation, Third edition, Addison-Wesley, 2006.

Cormen, T.H., Leiserson, C.E., Rivest, R.L., Stein, C. Introduction to Algorithms, Second
edition, MIT Press, 2001.

Sipser, M. Introduction to the Theory of Computation. PWS Publishing, 1997.
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